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ABSTRACT. A direct saddle-point analysis (without relying on any modular forms or func-
tional equations) is developed to establish the asymptotics of Fishburn matrices and a large
number of other variants with a similar sum-of-finite-product form for their (formal) gener-
ating functions. In addition to solving some conjectures, the application of our saddle-point
approach to the distributional aspects of statistics on Fishburn matrices is also examined
with many new limit theorems characterized, representing the first of their kind for such
structures.
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1. MOTIVATIONS AND BACKGROUND

Fishburn matrices, introduced in the 1970s in the context of interval orders (in order the-
ory) and directed graphs (see [1, 18, 23, 24]), are upper-triangular matrices with nonnegative
integers as entries such that no row and no column contains exclusively zeros. They have
been later found to be bijectively equivalent to several other combinatorial structures such
as (2 + 2)-free posets, ascent sequences, certain pattern-avoiding permutations, (2 — 1)-
avoiding inversion sequences, Stoimenow matchings, and regular linearized chord diagrams;
see, for instance, [6, 14, 21, 31, 36] and Section 2 for more information.

In addition to their rich combinatorial connections and modeling capabilities, the corre-
sponding asymptotic enumeration and the finer distributional properties are equally enrich-
ing and challenging, as we will explore in this paper. In particular, while the asymptotics
of some classes of Fishburn matrices were known (see, for example, [8, 45]), the stochastic
aspects of the major characteristic statistics on random Fishburn matrices have remained
open up to now.

Zagier, in his influential paper [45] on Vassiliev invariants and quantum modular forms,
derived the asymptotic approximation to the number of Fishburn matrices whose entries
sum to n
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(see OEIS [37] sequence A022493, the Fishburn numbers), where (c,p) = (28T, 5;).
Here [2"]f(z) denotes the coefficient of 2" in the (formal) Taylor expansion of f and all

A-numbers (followed by six digits) refer to sequences from the OEIS [37]. For conciseness of
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notation and readability, all constant pairs (c, p) throughout this paper are generic and may
not be the same at each occurrence; their values will be locally specified.

That the asymptotic approximation (1.1) is remarkable can be viewed in various per-
spectives. First, the Taylor coefficients of the inner product on the left-hand side of (1.1)
alternate in sign, so it is unclear if the coefficient of 2™ in the sum-of-product expression is
positive for all positive n, much less its large factorial growth order shown on the right-hand
side. Second, since % < 1, the right-hand side of (1.1) is exponentially smaller than n!,

which equals [2"] H1<j<n(1 — (1 = 2)7). More precisely, we will prove that (see Lemma 11

and Proposition 12)
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meaning that the left-hand side is exactly of order nntz p" with p = % = 2p. This shows
that there is indeed a heavy exponential cancellation involved in the sum on the left-hand side
of (1.1). Third, in addition to the connection to linearly independent Vassiliev invariants, the
Fishburn numbers have now been known to enumerate many different combinatorial objects;
see Section 2, OEIS sequence A022493 and [4, 6, 8, 9, 13, 14, 16, 18, 31, 32, 34, 36, 44, 45]
for more information. Finally, Zagier’s proof of (1.1) relies crucially on an unusual pair of

identities
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where the integers T,,’s, known as Glaisher’s T-numbers (see A002439), are defined by the
second identity of (1.2). The first one, due to Zagier, is a consequence of the relation between
the generating function in (1.1) and the “half derivative” of the Dedekind eta-function, partial
summation, Euler’s pentagonal number theorem, functional equations, Dirichlet series and
Mellin transform techniques; see [45, 46]. The asymptotics of T;, is then readily computed
by, say using the singularity analysis (see [20]) on the right-hand side of the second identity,
which, unlike the formal nature of the first, is analytic in |z| < §. What appears to be
more important in subsequent developments is that T,, is essentially the value defined by
the analytic continuation of some Dirichlet series at —2n — 1, and the study of the identities
(1.2) is thus closely connected to algebraic and analytic number theory, in addition to their
hypergeometric g-series nature and resurgence aspect [11]. Some similar pairs of relations
such as (1.2) are now known; see, for example, [5, 26, 39].

Here and throughout this paper, the asymptotic relation
(1.3) ay, = bn(l + O(n_l)) is abbreviated as a,, >~ b,,.

Subsequently in [8], Bringmann-Li-Rhoades established the asymptotic approximation to
the number of primitive row-Fishburn matrices with entries summing to n,

1) I T (2P — ) menm™, with (ep) = (e 5, 22),
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which confirmed a conjecture by Jelinek (Conjecture 5.3 of [31]). Here a primitive row-
Fishburn matrix is a binary upper-triangular matrix without zero rows. Their proof of
deriving (1.4) relies on various properties of the function (o(g) in [8])

k(k+1)
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first appeared in Ramanujan’s lost notebook, with many unusual properties discovered since
Andrews’s paper [2]; see [3, 10] and A003406 for more information. Very roughly, since

[2"] Z H (Q+2))-1)= #[z”]}%(l —2)

k>0 1<j<k

(according to Equation (2.3) of [8]) and e™# = 1 — z + O(|z|?) for small |z|, the approach

begins by working out the asymptotics of [z"]R(e™%). The bridge between [z"]R(1 — 2)

and R(e‘z) can then be linked through a direct change of variables and straightforward

arguments because z is very close to zero (the arguments used in [45] and [8] relying instead

on the asymptotics of the Stirling numbers of the first kind); see Section 4.2 for more details.
The asymptotics of [2"]R(e™#) is derived by first defining the Dirichlet series

D(s) =Y n*[q" "|R(4™),

which can be meromorphically continued into the whole s-plane. Since, by standard Mellin
transform techniques (see, e.g., [19]),

[Zn]esz(efﬂz) _ (_1>n D(—n),

n!
the crucial asymptotics of D(—n) needed is then based on the relation
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here Ly are L-series defined from R and a closely related g-series; see [8, 10] and Section 4
for more details.

However, a lot more on the asymptotics and statistics of Fishburn matrices and related
structures has remained unknown, which includes several conjectures and open problems
8, 31, 41, 45] that are of great interest to the combinatorics and modular-form community.
As apparently general asymptotic techniques are still lacking, we aim to address this gap by
developing a direct, self-contained approach to derive (1.1) and (1.4) in a systematic way
without relying on any functional equations (satisfied by Dirichlet series) or identities such
as (1.2) that are not available in more general contexts with a similar sum-of-finite-product
form for the generating functions.

Our approach is based instead on a fine, double saddle-point analysis and has the additional
advantages of being applicable to a large number of problems whose (formal) generating
functions assume a similar form, some of which are listed as follows.

— Derive the asymptotics of Fishburn and row-Fishburn matrices whose entries belong
to any multiset of nonnegative integers containing 0; in particular, (1.1) and (1.4) by
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Zagier [45] and Bringmann—Li—Rhoades [7], respectively, are reproved; our scheme is
also applicable to more than two dozens of other OEIS sequences; see Section 6.

— Prove a conjecture of Jelinek in [31] concerning the asymptotics of self-dual Fishburn
matrices; see Corollary 27.

— Establish the limit distributions of some typical statistics in random Fishburn ma-
trices, which solves particularly an open problem raised by Bringmann—Li—Rhoades
[8] and Jelinek [31]; see Theorem 22 and Section 7.

— Determine the typical shapes of random Fishburn matrices, which exhibit an unex-
pected change of limit laws from normal to Poisson when the smallest nonzero entry
is 2; see Theorem 32 and Section 8.

Our approach is best illustrated through the prototypical (rational) sequence

(1.7) a, = [2"] Z H (e —1) = (_21>n[z”]R(ez),

k>0 1<j<k

where R is defined in (1.5), for which we will show inter alia that
18) a4 D 2 o), itk (ep) = (1),

8- and vy = 112 see (4.1) for an asymptotic expansion. Here the integer

where v = T 5

sequence {a,n!} corresponds to A158690 in the OEIS. Throughout this paper, we do not
distinguish between ordinary and exponential generating functions, and focus only on the
large-n asymptotics of the coefficients, so whether the sequence is integer or not is immaterial
for our purposes.

Once the asymptotics (1.8) is available, we extend our approach to sequences of the form

(1.9) 2] Sd(z) 0 T (e(zy* —1)%,

k>0 1<j<k

for « € ZT and wp,w € C. Here the generating functions d(z) and e(z) are analytic at z = 0
and satisfy d(0) > 0,e(0) =1 and €’(0) # 0.

Our result (Theorem 18) for the general form (1.9) will not only be applied to derive the
large-n asymptotics of many sequences in the literature and the OEIS (see Section 6), but
also be sufficient to re-derive (1.1) because of the identity (in the sense of formal power
series) due to Andrews and Jelinek [4]

STa-a-2)=Y0a-9""1[ (a-27-1"

k>0 1<j<k k>0 1<j<k

This and other examples of similar types are collected in Section 6.

In addition to its usefulness in univariate asymptotics, our formulation (1.9) is also effective
in dealing with the limiting distributions of various statistics (bivariate asymptotics) on
random Fishburn matrices with or without restriction on their entries, which describe the
typical shape of random Fishburn matrices.

More precisely, we consider upper-triangular matrices whose entries belong to A, a multiset
of nonnegative integers with the generating function A(z) = 1+ A1z + Xp2% + -+ -. We then
define two classes of matrices: (i) A-row-Fishburn ones without zero row, and (ii) A-Fishburn
ones without zero row or zero column. The statistics examined and their limit laws are
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summarized in Table 1, where we assume a uniform distribution on the set of all possible
such matrices with the same entry-sum.

A(z) analytic Random A-row-Fishburn matrices Random A-Fishburn matrices

A1 >0
First row sum | Zero-Truncated-Poisson(log 2) Normal(log n,logn)
Diagonal sum Normal(log n,logn) Normal(2logn,2logn)
L (n— #015)) {Poisson@;—;;), if Xz >0 {Poisson(’\()%?), 1 23 >0
degenerate, if Ay =0 degenerate, if Ay =0

Table 1. The various asymptotic distributions of the three statistics in large
random A-row-Fishburn and A-Fishburn matrices with entries belonging to a
given multiset of nonnegative integers A (containing 0 exactly once and 1 at
least once). Here n is the sum of all entries in the matriz.

In particular, when A is the set of nonnegative integers, the first row-size in random
Fishburn matrices also arises in many different contexts under different guises, the first being
in the form of leftmost chord in regular linearized chord diagrams [41]; see Section 2.3 for more
information. Our limit results thus have many different interpretations and implications.

The proof of these limit laws requires the full power of our setting (1.9) where some
parameters or coefficients are themselves complex variables, as well as the Quasi-Powers
Framework (see [20, 27, 28]), which is a simple synthetic scheme for deriving asymptotic
normality and some of its quantitative refinements.

From Table 1 we see that in a typical random A-Fishburn matrix (when all matrices of the
same entry-sum are equally likely), entries equal to 1 are ubiquitous, those to 2 appear like
a Poisson distribution, and the rest is asymptotically negligible. Thus such random matrices
have little variation as far as the distribution of entries is concerned. In other words, a
random A-Fishburn matrix is asymptotically close to its primitive counterpart in which only
0 and 1 are allowed as entries. Regarding a Fishburn matrix of size n as an integer partition
of n arranged on upper-triangular square matrices without zero row or column, we see that
the number of 1s in random Fishburn matrices is very different from the number of 1s in
random integer partitions, which has an exponential distribution in the limit.

What happens if we drop the omnipresent entry 1, assuming that all A-Fishburn matrices
(of the same size) whose smallest nonzero entries are 2 are equally likely? The resulting
random matrices turn out to be more interesting, exhibiting less expected behaviors. More
precisely, we extend further our study in Section 8 to the situation when \; = 0 and Ay >
0 in A-Fishburn matrices, which has a very similar analytic context to the self-dual (or
persymmetric) Fishburn matrices when A; > 0; the latter was considered in [31] for the
cases when A = {0,1} and A = Z-,. We adopt the same framework (1.9) and address the
asymptotics when A\; = 0 and Ay > 0. Such a formulation is, as in the case of \; > 0,
not only useful for the asymptotic enumeration of matrices of large size, but also practical
in characterizing the finer stochastic behaviors of the random matrices, whether they are
Fishburn with A\; = 0 and Ay > 0 or self-dual Fishburn with A; > 0.
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Random A-Fishburn matrices
A(z) analytic with Ag;_; =0for1 <i<m
and )\2, )\2m+1 >0

Random self-dual A-Fishburn
matrices with 1s (A; > 0)

First row sum Normal(log n,logn) Normal(logn,logn)
Diagonal sum Normal(2logn,2logn) 2 - Normal(logn,logn)
in — 2. Normal(ry/n, 7/n),
ifm=1

1

Ly, — 2. Poisson( n—2- Poisson(i—f log 2)
2

A2 )
1223 )0

)\47‘(2)
672 /°
if m>2,A4>0,n even
L(n—2m — 1) — 2 Poisson(32"),
if m>2,)\ >0,n odd

degenerate, if \3 = X\y =0

x4 - Poisson(
if Ay >0
degenerate, if Ay =0

# smallest
nonzero entries

Table 2. The asymptotic distributions of the three statistics in large random
A-Fishburn and self-dual A-Fishburn matrices with entries belonging to a given
multiset of nonnegative integers A (containing 0 exactly once and with or with-

out 1s). Here n is the sum of all entries in the matriz, and T := 2\%3/\7;/2. The
2

symbol X xY stands for the convolution of two distributions.

While the logarithmic behaviors in the first row sum and the diagonal sum are similar
as in Table 1, the limit laws of the occurrences of the smallest nonzero entries now behave
differently, notably in the case when 2 is the smallest nonzero entry. Roughly, the periodicity
resulted from the prevalent entries 2 in the class of A-Fishburn matrices without entries 1
does change drastically the behavior of non-smallest positive entries, namely, the limit law
for the sum of non-smallest positive entries changes from a bounded Poisson distribution to
a normal distribution with mean and variance both asymptotic to 74/n (or indeed a Poisson
distribution with unbounded mean 74/n; see Section 8.2).

Our formulation and results include as a special case the asymptotic approximation to
self-dual Fishburn numbers (8.5), confirming another conjecture in [31]; see Sections 5 and
8.

This paper is structured as follows. In the next section, we outline the background on
Fishburn matrices, and then derive the generating functions that will be analyzed in later
sections. Then we describe the saddle-point method in detail in Section 3 which will then
be used and modified throughout this paper, with the finer asymptotic expansions briefly
discussed in Section 4. The general framework (1.9) is examined in detail in Section 5 by
extending the saddle-point analysis of Section 3. Asymptotics of restricted Fishburn matrices
as well as other univariate examples are collected and discussed in Section 6. We then turn
to bivariate asymptotics in Section 7 and study the asymptotic distributions of statistics on
random Fishburn matrices such as those given in Table 1. The extension of (1.9) to the case
when [z]e(z) = 0 and [2?]e(z) > 0 is examined in Section 8, together with univariate and
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bivariate applications (as shown in Table 2). We then conclude this paper in Section 9 with
some perspectives on how our approach may be further extended to other frameworks.

Notations. As mentioned at the beginning of this section, (¢, p) is used generically and
will always be locally defined. Other generic and mostly local symbols include ¢;, ¢(-), €,
f, and a,; their values will be specified whenever ambiguities may occur. Furthermore, the
notation a, < b, means that the ratio a,/b, of the two sequences remains bounded and
nonzero as n tends to infinity.

2. FISHBURN MATRICES AND RELATED COMBINATORIAL OBJECTS

We describe Fishburn matrices in this section, together with some of their variants and
generalizations. We also derive the bivariate generating functions for some statistics that
will be examined in more detail in later sections.

In what follows, the size of a matrix is defined to be the sum of all its entries. Similarly,
the size of a row or a column or the diagonal is the respective sum.

Definition 1 (Fishburn matrix). A Fishburn matrix is an upper-triangular square matrix
with nonnegative integer entries such that no row and no column consists solely of zeros.

For example, all 15 Fishburn matrices of size 4 are depicted in Figure 2.1.
4 (L2Y (21 (11 (20Y 30\ (10
W) U2)(T2) U1 U3

110\ /101\ /100\ /200\ /100\ /100\ /110 1?8
o) [ 1ol 1) 1o} 20)( 1o])( o1 0
1 1 1 1 1 9 1

Figure 2.1. All 15 Fishburn matrices of size 4. The occurrence of 1 is seen to
be predominant.

—OoO OO

As a succinct representation tool for interval orders (see [18, 23]), Fishburn matrices
(named so in [9]; called IO-matrices in [23], characteristic matrices in [17, 18], and composi-
tion matrices in [12]) offer not only algorithmic but also combinatorial advantages, and over
the years their study was largely enriched by the corresponding developments in combinato-
rial enumeration and bijections, following notably the paper by Bousquet-Mélou—Claesson—
Dukes—Kitaev [6]. In particular, the useful database OEIS [37] played a key role in linking
various structures in different areas, some of which will be briefly described later.

Closer to our interest here, the enumeration of Fishburn matrices of a given dimension
was already investigated in the early papers [1, 23], and recursive algorithms were later
proposed for computing matrices of a given size (see e.g. [25, 41]), culminating in the definitive
work of Zagier [45], where, through the use of generating functions, effective asymptotic
approximations (1.1) for Fishburn matrices of large size are derived.

2.1. Fishburn matrices and their variants. Recall that the Fishburn numbers (A022493)
count Fishburn matrices of a given size and can be computed by the generating function

ST - —2)) =142+22"+52° + 152" + 532" 42175+ -+ .

k>0 1<j<k
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From a combinatorial viewpoint, the Fishburn numbers also enumerate several seemingly
unrelated structures, some of which are listed as follows; see [6, 9, 13, 14, 16, 18, 21, 31, 34,
36, 44] for the bijective and algebraic proofs of these equinumerosity.

o Ascent sequences of length n, which are sequences of nonnegative integers (1, ..., x,)
such that for each 7, 0 < o; <14+ [{j:1<j<i—2 and z; < 41}
e (2 — 1)-avoiding inversion sequences of length n: these are sequences (xy,...,T,)

such that 0 < z; < ¢ and there exists no i < j such that z; = z; + 1.

e (2|31)-avoiding permutations of n elements, which are permutations 7 without sub-
sequence m;m; 17, such that m; — 1 = 7; and m; < m44.

e (242)-free posets of n elements: these are posets (P, <) with interval representations,
namely, for each = € P, a real closed interval [¢,, r,] is associated to z such that z < y
in P exactly when r, </£,,.

e Stoimenow matchings of length 2n: A matching of the set [2n] = {1,2,...,2n} is a
partition of [2n] into subsets (called arcs) of size exactly two. A Stoimenow matching
is a matching without nested pair of arcs such that either the openers or the closers
are next to each other.

o Regular linearized chord diagrams of length 2n: A regular linearized chord diagram
is a fixed-point free involution 7 on the set [2n] such that [i,7 + 1] C [7(i + 1), 7(7)]
whenever 7(i + 1) < 7(4).

Two variants of Fishburn matrices, row-Fishburn matrices and self-dual Fishburn matrices
were studied by Jelinek [31] during his study on refined enumeration of self-dual interval
orders. Row-Fishburn matrices are upper-triangular ones with nonnegative integer entries
such that no row is composed solely of zeros. The corresponding generating function satisfies

21) > I (=27 —1) =1+ 2+ 32"+ 122 + 612" + 3802° + 281520 4 - - - |
k>0 1<j<k

where the coefficient of z" equals the number of row-Fishburn matrices of size n.
Furthermore, a matrix is primitive if all entries are either 0 or 1. Substituting z by
leads to the generating function for the primitive row-Fishburn number (A179525)

220 D J] (@42 1) =1+2+22"+72°+332" +1972° + 141925 + - - .

k=0 1<5<k

Reversely, (2.1) can be obtained from (2.2)

On the other hand, a Fishburn matrix is self-dual if it is persymmetric, or symmetric with
respect to the northeast-southwest diagonal. The generating function of primitive self-dual
Fishburn matrices counted by the size (see also [31]) is

DA+ T (1422 = 1) =1+42+2"+2° +32" +62° + 1320 - |

k>0 1<i<k

z
14z

and the one of all self-dual Fishburn matrices is
- I (@=2)7 —1) =1+2+22"+32" + 72" +132° +335+ - |
k>0 1<j<k

so that 7 out of the 15 Fishburn matrices of size 4 are self-dual, as can be readily checked
with Figure 2.1.
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2.2. Fishburn matrices with entry restrictions. We now extend the matrices by allow-
ing more flexible entries. Let A be a multiset of nonnegative integers with the generating
function

(2.3) Az)=14) =1+ z+hz"+ .
AEA

Assume throughout this paper that A(z) is analytic at z = 0, and except in Sections 8.1, 8.3
and 8.4 assume that Ay > 0, so that {0,1} C A.

Definition 2 (A-Fishburn matrix). An upper-triangular matrix is called a A-Fishburn ma-
trix if every row and column has non-zero size, and all entries lie in the set A.

Definition 3 (A-row-Fishburn matrix). An upper-triangular matrix is called a A-row-
Fishburn matrix if all entries lie in the set A without zero row.

Proposition 1. The number of A-row-Fishburn matrices of size n is given by

(2.4) =TT (AGY - 1),

k>0 1<j<k

and that of A-Fishburn matrices by

(2.5) ST T (- A7) =3 A T (A)Y —1)%

k>0 1<j<k k>0 1<j<k

Proof. The first generating function (2.4) follows from the definition of A-row-Fishburn ma-
trices. For a A-row-Fishburn matrix of dimension £, and for any j, 1 < j < k, the generating
function of the (k— j+1)-st row counted by the size (variable z) is A(z)? —1. As a result, the
generating function for A-row-Fishburn matrices of dimension & is given by [, ;. (A(2)7—1).
Summing over all k leads to (2.4).

On the other hand, the generating function for primitive Fishburn matrices is given by
(including the constant 1 for the empty matrix; see [31])

> IL - a+2)

Substituting 1 + z by A(z) yields the generating function for A-Fishburn matrices in the
general case.

The right-hand side of the identity (2.5) follows from the following g¢-identity due to
Andrews and Jelinek [4]

2 11 <1‘ <1—s><i—t>j—1>

(2 6) k>0 1<k
=> (-1 —t)f J[ (A=@=s)(x =ty (1 —u(l-1))),
k>0 1<j<k
by substituting v = 1 and s =t = 1 — A(z) on both sides. O
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2.3. Statistics on Fishburn matrices. The study of statistics on the Fishburn structures
traces back to the work by Andresen and Kjeldsen [1] in the context of transitively directed
graphs (see also [31]), where they studied the numbers of primitive Fishburn matrices counted
by the dimension and by the size of the first row (with the notation £(n, k) in [1]).

Stoimenow [41] found a recursive formula for the numbers of regular linearized chord
diagrams with a given length of the leftmost chord. Subsequently, it was discovered [6, 21,
31, 35, 36, 44] that these numbers are equivalent to the following ones:

e the sum of entries in the first row (or the last column) of Fishburn matrices of size
n;

the number of minimal (or maximal) elements in (2 + 2)-free posets of size n;

the maximal entries (or right-to-left minimal entries, or the number of zeros) in ascent
sequences of length n;

the maximal entries in (2 — 1)-avoiding inversion sequences of length n;

the length of the initial run of openers in Stoimenow matchings of length [2n];

the length of the initial decreasing run in (2|31)-avoiding permutations of length n;

the number of left-to-right minima (or left-to-right maxima; or right-to-left maxima)
in (2|31)-avoiding permutations of length n.

These statistics are classified as Stirling statistics; see [21]. In parallel, the classical Euler-
ian statistics have also been intensively studied but the corresponding limiting distributions
were only recently solved in a subsequent paper [30].

2.4. Bivariate generating functions for Fishburn matrices with entry restrictions.
We study the asymptotic distributions of the following three random variables on random
A-Fishburn and A-row-Fishburn matrices, assuming a uniform distribution on the set of
all size-n matrices: the size of the first row, the size of the diagonal, and the number of
occurrences of 1.

The approach we use to characterize the corresponding limit laws relies heavily on the
corresponding bivariate generating functions and our double saddle-point analysis. We derive
the necessary generating functions in this subsection. We use the convention that f(z,v) is
the bivariate generating function for the quantity X if [2"v™]|f(z,v) denotes the number of
A-row-Fishburn matrices of size n with X = m.

Proposition 2 (Statistics on A-row-Fishburn matrices). We have the following bivariate
generating functions of A-row-Fishburn matrices with z marking the matriz size and v mark-
ing respectively:

(i) the size of the first row

(2.7) 14+ (Aw2)* =1) T (A=) - 1),

k>0 1<j<k

(i1) the size of the (main) diagonal (or the last column)

(2.8) I (Aw2)A(zy ' =1),  and

k>0 1<j<k
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(111) the number of 1s

(2.9) ST (AR + Mw—1)z) —1).

k>0 1<j<k

Proof. Given a A-row-Fishburn matrix of dimension k+1, the generating function for the first
row size (marked by vz) is A(vz)*1—1, the remaining k rows contributing [Ticj (A(z) — 1),
as in the proof of (2.4). The proofs for the other two parameters are similar and thus omit-
ted. O

For A-Fishburn matrices, the proof is less straightforward and we need a fine-tuned version
of Jelinek’s Theorem 2.1 in [31] in order to enumerate both the first row and the diagonal
sizes.

Let P denote the set of primitive A-Fishburn matrices. Define first

Gk(ta u,v,w, T, y)
= Z Mk g 20 <<k Mk gy 2agi<k Migp2i<i<j<k Mi,ijl,ky21<j<le,j’

(M;,j)kxk€P

so that ¢ marks the lower-right corner (which is always 1), u the size of the last column
except the two ends, v the size of the (main) diagonal except the two ends, w the size of all
interior cells, x the upper-right corner, and y the size of the first row except the upper-right
corner.

Lemma 3. The generating function F(s,t,u,v,w,z,y) = Y, -, Gp(t, u,v,w,r, y)s* of prim-
itive A-Fishburn matrices satisfies

F(87 t? u? U? w7 x? y)

(2.10) N s 2y(1+ @) (1 +y)" (1+u)(d+v)(1+w) —1
_tz(l—i—u)(l—l—v)(l—l—w)’“—l H T+ s((T+uw)(1+w) —1)

k>0 0<j<k

Proof. (Sketch) By definition, it is clear that G; = x and G (¢, u, v, w, z,y) = tGr(1,u,v,w, x,y)
for k > 2. A recursive construction of Fishburn matrices was discovered by Haxell-McDonald—
Thomason [25] (also used in [31, Lemma 2.8]) where any Fishburn matrix of dimension & + 1
is generated by conditioning on the entries in the last column of a Fishburn matrix of di-
mension k. Accordingly, we derive the recurrence relation
Gk+1(17 u,v,w,x, y)
= Gru+v+uv,u,v+w+ovw,w,x+y+xy,y) — vGr(1,u,v,w, z,y)
= (u+ v+ uw)Gr(l,u,v +w+vw,w,x +y + 2y, y) — vGx(1, u,v,w, z,y),

for £ > 2. Then from this and the iterative arguments used in [31], we deduce (2.10); see
[31] for details. m

Proposition 4 (Statistics on A-Fishburn matrices). We have the following bivariate gen-
erating functions of A-Fishburn matrices with z marking the matriz size and v marking
respectively

11



(i) the size of the first row (or the last column)

(2.11)

Z H (1—Avz)""A(2)' )

k>0 1<j<k

= Awz) YA T (M)A = 1) (AP ~ 1)),

k>0 1<i<k

(i1) the size of the (main) diagonal

(2.12)

1+ A(vz) + (A(vz) — 1)° Z H (A(v2) = A(2)7)

k>0 1<j<k

= A(vz) ZA(Z)k H (A(vz)A(z) ! = 1)2, and

k>0 1<j<k

(111) the number of 1s

(2.13)

ST = (AG) + M =1)2)7)

k>0 1<j<k

=Y (AR + M= D) TT ((AG) + A(v —1)2) —1)°.

k>0 1<i<k

Proof. (i) It is known that the generating function for the size of the first row (marked by

(i)

(iii)

v) in primitive Fishburn matrices is given by (see [21, 34])

Z H (1—(1+v2)" (1 +2)7).

k>0 1<j<k
Substituting 1 + vz by A(vz) and 1 4+ z by A(z) gives the left-hand side of (2.11),
which equals the right-hand side of (2.6) after substituting u = 1, s = 1 — A(vz) and
t = 1—A(z), i.e., the generating function on the right-hand side of (2.11). Alternatively,
one can derive (2.11) by using (2.10), Andrew-Jelinek identity (2.6), the identity [4,
Eq. (1)] and substitutions.
For the size of the diagonal, we have, again, by (2.10), the generating function

1+vz+ F(1,0%2,2,v2,2,2,2) = 1 + vz + (02)22 H (1 +vz— (1 —l—z)’j).
k>0 1<j<k

The same substitutions 1+ vz — A(vz) and 1 4+ z — A(z) give the left-hand side of
(2.12). Applying now (2.6) with u =1 +wvz, s=1— (1 +vz)(1+2) and t = —z, and
then using the same substitutions, we obtain the right-hand side of (2.12).
The generating functions (2.13) for the number of 1s follow from substituting A(z) by
A(z) + Mi(v — 1)z in (2.5).

U

3. ASYMPTOTICS OF THE PROTOTYPE SEQUENCE A 158690

Consider the sequence a,, := [2"|A(z), where

(3.1)

Az) = ZAk(Z), with  Ag(z) == H (e” —1),

k=0 1<y<k

12
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which is used as the running and prototypical example of our analytic approach. The se-
quence {nla,},>o equals A158690 and can be generated (in addition to (3.1)) by many
different forms (see [2, 8]), showing partly the diversity and structural richness of the se-

quence
Az) =) [ (=7

k>0 1<<k

_ Zef(kJrl)z H (1 . 672]'2«)

k>0 1<j<k
_ Ze(Qk-i—l)z H (2 — 1)
k>0 1<j<2%k
1 z j 2
_ i(HZe(M IT (" - 1)).
k>0 1<j<k

Among these series forms, we work on (3.1) because it is simpler and A(z) contains only
positive Taylor coefficients.

Theorem 5. Define A(z) by (3.1). Then as n tends to infinity,
(3.2) a, = [Z"A(2) = ep™n™ 2, with (cp) = (225, 22).

Our approach consists in computing the asymptotics of a, := [2"]Ax(z) by the saddle-
point method (see [20]) for each 1 < k < n, and then summing a,  over all k£ (in turn
involving another application of the saddle-point method); indeed, due to high concentration
near the maximum, only a small neighborhood of k near un, p := %logQ ~ 0.84, will
contribute to the dominant asymptotics (3.2). Thus we are in the context of a double
saddle-point method.

More precisely, we begin with the expression

A R i
a, = Z A = Z 2—m/ﬂe 9 Ay (ret) ae,

1<k<n 1<k<n
and follow the procedures outlined below.

e Find the positive pair (k,r) such that r is the saddle-point of Ax(z) and the value
r~"Ag(r) reaches its maximum as n tends to infinity, so as to identify the terms a,,
that reach the maximum modulus for each fixed n; see Lemma 11.

e Once the range of k ~ un is identified, show, by a simple saddle-point bound for
Taylor coefficients, that the contribution to a, of a, from the range |k — pn| > ns
is asymptotically negligible; see Proposition 12.

e In the central range |k—pun| < ns, the integral fn is asymptotically negligible;

~3<i0)<n
see Proposition 14.
e Then inside the ranges |k — un| < ns and f|9|<n,%, compute the asymptotic approx-
imation (3.2) by local expansions and term-by-term integration; see Section 3.5.
e These procedures can be refined to get longer expansions if desired.
For all these purposes, it turns out that a precise asymptotic approximation to log A (r)
will largely simplify the analysis. Since we will also need asymptotics of the derivatives of

13
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log Ax(r), we propose a complex-variable version so as to avoid repeated use of the Euler-
Maclaurin formula.

3.1. Euler-Maclaurin formula and asymptotic expansions. We apply the FEuler-Maclaurin
formula to approximate the various sums encountered in this paper, which for completeness
is included as follows.

Lemma 6 (Euler-Maclaurin formula). Assume that ¢ is m-times continuously differentiable
over the interval [a,b], m > 1. Then

b b Do ™ g
3 )= [ e PO ST () — )

(-1

S () B ()t

m)

where {x} denotes the fractional part of x, the By’s and the B,(t)’s are Bernoulli numbers
and polynomaials, respectively.

When ¢ is infinitely differentiable (which is the case for all functions considered in this
paper), we can push the expansion to any m > 0 depending on the required error, keeping
the error term under control.

The following expansion is crucial in our saddle-point analysis. Let

Li(z) :=1log Ak(z) = Z log(e’* —1).
1<j<k

Proposition 7. For k — oo, we have

I(kz) 1, 2m(ek—1)  z(eb+1)

o kz I —_
L, e S Ty
3.4 j
By 2By s(e7) 1-2 2m—1
+ L ——— Ok "+ 2[),
sz<m (2])' (1 _ efkrz)2j 1 ( )

uniformly for k|z| < 2m — € when |arg z| < m — €, where

z t
I(z) := dt
=t

and En(2) = occn <§L>x3 denote the Eulerian polynomials.

Proof. For simplicity and for later use, we compute only the first few terms by working out
m = 2, as the general form follows from the relation

rMe Tz 1 (efmz)

(1 — e—”)m

O log(e™ —1) = (-1)" (m > 2);

see [42] for similar analysis.

14



Since log (ejz — 1) is undefined at j = 0, we split the sum into two parts:

Li(z) = log k! — Z log

1<j<k

By the Euler-Maclaurin formula (3.3), we find that

k
kz
Zloge]_ :/Olog 1dx+210g e
1<j<k
1 /1 =z z
— -+ —F O(k™ 2.
+12<k+2 1—esz>jL (K7 + 1F)
Then an integration by parts gives
k
I(k
/log z dz = klog — —/{:—i—ﬁ.
0 et — 1 erz — z

The first few terms of (3.4) then follow from this and Stirling’s formula for log k!.
For the error term, by (3.3) with m = 2 and By(z) = 2 — 2 + &, we have

k 2
. ze' 1 9 1
Ry = /0 <(€M 1 x2> ({2} —{a} +¢) dz
If k|z| < 1, then Ry is bounded above by

Ry = O</01/|z| 122 dm) = 0(]2)).

On the other hand, if 1 < k|z| < 27 — ¢, then

k |Z|2 R(xz) 1 =
=0 | |z| + " e — 1P +t dz | = O(|z| +k71),

as required, where R(z) denotes the real part of z. This proves (3.4).
Note that

S 22 .
(3.5) I(z) := dt = 5 T dilog(e™),
0

1—et

where dilog(1 — 2) := >, ;—I; denotes the dilogarithm function. Also n![z"]dilog(e~*

B,,_1, the Bernoulli numbers.

The main reason of stating this complex-variable version for Lj(z) is that termwise dif-
ferentiation with respect to z is allowed by analyticity in a compact domain (or Cauchy’s
integral formula for derivatives), leading to an asymptotic expansion for all higher derivatives
of Li(2); see, e.g., [38, 43]. In this way, we obtain, for example, the following approximations,

which will be needed below.

Corollary 8. Uniformly as k — 0o and k|z| < 27 — & when |arg(z)| < 7 —¢,

Z jz _I(k:z)_i_kz—l—l—e*kz

-1
1—eJz 4 2(1—6*]62) _'_O(k +|Z|)'

(3.6) 2Ly (2) =

1<j<k

15



Corollary 9. Let m > 2. Then

1<j<k

mamet [ L(k2) kz —1+ek? 1
=20 ( 2 T 2:(1— e ) +O(k™" + I2]),

JzEm 1<e Jz )
1 —e_JZ)

(3.7)

uniformly as k — oo, k|z| < 21 — ¢ when |argz| < m —e.
In particular, we see that each Tlegm) (r) is asymptotically of linear order when kr = O(1).

3.2. Saddle-point method. I: Identifying the central range. A very simple uniform
estimate for a,,j is readily obtained by the saddle-point bound for positive Taylor coefficients
(see [20, Sec. VIIL.2]).

Lemma 10. For1 < k <n,
where v > 0 is chosen to be the saddle-pomt, namely, the unique positive solution of the
equation
r A, (r) Jr
3.9 Li(r)= -2 = — =
(39) PL) = = 3 "

1—er
1<j<k

Such an r obviously exists for n > 1 and 1 < k < n because /(1 —e™*) > 1 is mono-
tonically increasing with > 0. Also r — oo When k = o(n) and r — 0 when £k — n. In
particular, » = 0 when k£ = n.

The simple bound (3.8) is sufficient to give not only the factorial term n™ but also the

right exponential one (£%)" in (3.2), as the following lemma shows.

Lemma 11. For 1 < k=qgn <n,
(3.10) An k= O(n"*ée‘z’(q’g)n), with  ¢(q,0) := —logo+ qlog(e? — 1) — 1,

subject to the condition I(qo) = o. The maximum value of ¢(q,0) for q € [0,1] is reached
when
12 2 12
J— y d) 7£ —
(3.11) (q,0) = (u, &) :== (—logQ 12) with W8 = et
Proof. We begin with the first-order approximation to rLj(r) already derived in (3.6) with
the saddle-point [z| =r = £ and k = ¢qn,

0., /0 n
—%(—) ~ Ef(qe),

n n

which leads to the approximate saddle-point equation I(gp) = p. Furthermore, we have, by
(3.4),

log(r " A(r)) = nlogn +n¢(q, o) + 5 logn + O(1),

where ¢(q, 0) := —log o+ qlog(e?? — 1) — 1, in view of I(qo) = 0. We next look for the pair
of (¢, ) such that the maximum value of ¢(q, o) is reached.
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The only positive solution pair of the equations J,¢(q, 0) = 0 and I(ge) = o, or, equiva-
lently,
log(e‘“’ — 1) =0 and I(qo) = o,

is given by (3.11), which is one of the sources of the ubiquitous factor %2 = ((2) in this
paper. It remains to prove ¢(q, 0) is maximal for ¢ € [0, 1] only when (3.11) occurs. Now,
by viewing w = w(q) as a function of ¢, we see that, when (g, w) satisfies the condition

I(qw) = w,
w

2 _
aq¢(Q7w) - 1— qu . e_qw'

We now prove that 8§¢(q, w) < 0 for all pairs (¢, w) such that I(qw) = w. First, the function

t— %ﬂ is motononically increasing for ¢t > 0; then, with w # 0,
quw t qw q2w2
w = dt < —— - qw = ——,
/0 1 —et 1 e ! 1 —eaw

implying that

w(1- o )= Y

1 —e aw 1 —eaw
Thus the function ¢ — 8§¢(q, w) is always negative for all pairs (¢, w) such that I(qw) = w,
showing that ¢ — ¢(q, w) is concave downward when w satisfies (qw) = w; see Figure 3.1.

This proves the lemma. ]

-0.82

-0.84

-0.86
=25

Figure 3.1. The concavity of the function ¢(q,0) when o = o(q) satisfies
I(qo) = o for q € [0.2,1] (left) and q € [0.7,0.95] (right).

3.3. Saddle-point method. 1II: Negligibility of summands outside the central
range. Define

(3.12) o= m%1/6(24(l0g 2)? — 72) ~ 0.31988.

Proposition 12. Write k = un + xo\/n where u and o are given in (3.11) and (3.12),
respectively. Then uniformly for x = o(né),

(3.13) An e = O(p”n”*ée’%xz), with  p = 5.

In particular when ki := pun + ﬁang,

1

(3.14) ( o+ ) )an,k:()(pnn”+3e—"4).

I<k<k_ ki <k<n
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Proof. Assume first
(3.15)

oy 02
q T /’L \/ﬁu
where p is defined in Lemma 11 but the value of o given in (3.12) is (yet) unknown (and will
be specified by the following procedure). Substituting this ¢ into the saddle-point equation
(3.9), as approximated by (3.6), and solving asymptotically for o, we then obtain
Sz &+ &t n O<|$| + |$|3>7

n

(3.16) =&+

3
nz
2

where, with 7 := 2(log2)* —

. __mtlog2 . _ m™(2log2-1) . m0(2887°+ (log 2)m* +24m> 1 —n?)
(3.17) §i=—"mr, &= ——0%ny, and &= 24883273 :

Then we substitute the expansions (3.15) and (3.16) into ¢(q, 0) (defined in Lemma 11),
giving

7T2 4 2,2

1/1 mlo?x |z + |z)?
o= —tog 1 (L g Tl ety
oe.0) = —log 5 =1+ (5 ~les2 = ) + O3
So if we take 02 := 727~ %7 (which is identical to the expression (3.12)), then we see that
n 3
en¢(q79) — é <£> 67%"’32 1+ O(M) ,
2 \er? vn
uniformly for x = o(n%). This, together with (3.10) and Lemma 11, proves (3.13).
By monotonicity of ¢(q, w) (see Lemma 11), the left-hand side of (3.14) is bounded from

above by (na,r_ + nank, ). In consequence, (3.14) follows from (3.13) with z = V2ns. O

3.4. Saddle-point method. III: Negligibility of integrals away from zero. We now
show that in the remaining sum (k4 defined in Proposition 12)

A A i
E — A dé
27 /,r6 k(m ) ’
k_ <k<ky

the integral over the range 6y < 0] < 7, 6y := 6n=% is asymptotically negligible. Such a 6,
is always chosen so that nf; — oo and nfj — 0; see [20]. We begin with a uniform bound

for [Ag(2)]
Lemma 13. Let 0 := arg(z). Then, uniformly for |z| > 0 and |0] < 7,

(3.18) Au(2)] < Ax(l2]) exp (—W) =12,

Proof. The uniform bound (3.18) is a direct consequence of the inequality (see [40, Appen-
dix])

(3.19) e — 1] < (el = 1)e7HP/™ (9] < ).

This is proved as follows. First

1 1 _1 1 1 _1 _1 —
’ez . 1‘ _ }GQZHGQZ —e 22| < €2|z\cos€<62\z| —e 2|z|) _ (€\z| . 1)6 3lzl(1 cos@)’
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where the inequality results from the fact that [t"](e’ —e™") > 0 for all n > 0. Then (3.19)
follows from the elementary inequality 1 — cosf > ;2292 for [0] < . O
Proposition 14. Define ki := un + V2ons as in Proposition 12 and 0y := 6ns. Then,
12

em?

(3.20) Z Q/ e M0 Ay (re®)df = O(p"n"_ée_"i) with  p =
27 Bo<|0|<m ’

ko <k<ky

Proof. By (3.18) with z := re®,

" —inf i
— e Ap(re*)df = O
2 2 /90<9<7T Hre®) (

k- <k<ky

Z r_”Ak(r)/ 6_%(19).

k_ <k<k, bo

Now, with k& ~ un (k- < k < ky) and rn ~ £ (see (3.11)), we then have

3
> 2,92 8 K2r 216(log 2)2 1
e A0 = O 2L o) = O<n—§e—7ﬂj : (Io()nT)
k2r '

0o

Note that 260%2% ~ 1,065 > 1. Then (3.20) follows from (3.13). O

3.5. Saddle-point method. IV: Proof of Theorem 5. From the two estimates (3.14)
and (3.20), we have, with p = el7r—22 and 0y 1= 615,
90 1

0
B2 w= a0y g [ e B oty

k_<k<k, 21 J—a, Ap(r)
We begin by evaluating asymptotically the integral .

Lemma 15. If k = un+ xo+/n, where p and o are given in (3.11) and (3.12), respectively,

then
1 B0 ; Ak(’l"eia) \/g 1
22 = TSl 2 df) ~ 3
(3.22) Ji 2r _906 Ag(r) 325 %,
uniformly for x = O(né).
Proof. Expand Ly (re') in 0:
Ay (re”) . v;(r) ,
log ———= = Ly(re") — Ly(r) := 2 (i6)7.
%8y~ e T L) = 2 )

First of all, vy (r) = %((:)) = rLj,(r) = n by our choice of . Then by (3.7) with ¢ := £ and

o0 := nr satisfying (3.15) and (3.16), we obtain
2

vy(r) = 2L (r) +rL(r) = (i—g(log 2)? — 1>n +0(1) = % o*n+ O(1).
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Furthermore, each v;(r) < n by (3.7) when k_ < k < ky. Thus v;(r)8) — 0 for j = 3,4,...,
and we then obtain

1 % 1 2_1 03 4
Jr = o e~ 3v2(r)8°—gus(r)if+0(nb%) 1p

m
1 - —gua(r ; 13 18up(r)n” 1

— % e 2v2( & (1 — %U3(T)193 + O(ng4 —i—n96)) 40 + O(U2 1,3 o~ 18us(r) 4)
—1 -1 -5 —37r2¢72’r7,l

B 27rU2(T‘)(1+O(n ))—i—O(n oe 4)7

which proves (3.22). B

Proof of Theorem 5. With (3.21) and (3.22) available, we can now complete the proof of
Theorem5 by deriving the finer expansion

r—"Ak(r):cop"n"%-%x"’( gi/(? (n_1<1+$6)))>

where (o, p) = (1/2,2%) and g¢i(z) is an odd polynomial in z of degree three (whose

expression is immaterial here). It follows that

V3

320

— ;1 pnle 2" (1 + &\/? +O0(n ' (1+ x6))>,

ng = [2"]Ap(2) = n= 3 Ag(r) (14 0(n 7))

(3.23)

uniformly for k_ < k < k., where (cq, p) ( , WQ) where ¢ is given in (3.12).
From this and the two estimates (3. 14) nd (3 20), we obtain

tn = 7r3/2 phn Z \/ﬁa ( gi/%) +O0(n "1+ xﬁ))> + O(p”n’”%e*"%f)’

k_<k<ky

from which we deduce (3.2) by approximating the sum by an integral. O

Remark 1. We have proved more than the asymptotic estimate (3.2); indeed, if we define
the random variable X,, by

[2"]Ak(2)

P =0 = o)
)

then our asymptotic expansions (3.23) and (3.2
the form of moderate deviations):

imply obviously the local limit theorem (in

_ _ e 2l + [af*

uniformly for x = o(n%).
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4. ASYMPTOTIC EXPANSIONS AND CHANGE OF VARIABLES

We examine briefly in this section two different ways to obtain asymptotic expansions
for a, = [2"]A(z) as defined in (3.2), and then show how an argument based on change
of variables leads to expansions for the coefficients under different parametrization of the
underlying function.

The first approach to derive an expansion of the form

(4.1) [2"A(z) = cp'n"t3 (1 + Z vin™l + O(n_m)),

1<g<m
for some computable coefficients v;, is now straightforward following the same analysis de-
tailed in the previous section. It consists in first computing an asymptotic expansion for

Qp k-

LS TR . e gj(x) —im : .
np = —p'n'e? (1+ > . +0(n2 )), with (¢, p) :

1<j<m

12 12
w3/29 ex2 )

which holds uniformly for k = un+xo\/n, v = o(n%), where g;(x) is a computable polynomial
in x of degree 3j and contains only powers of  with the same parity as j. From this we can
then deduce (4.1) by approximating the sum by an integral and extending the integration
range to £o0o. We omit the details as they are more or less standard and all procedures can
be readily coded in symbolic computation software.

4.1. An asymptotic expansion via Dirichlet series. For more methodological interest,
we sketch here another approach, based on that used in [8], to obtain asymptotic expansions
for a,, when more information is available.

Proposition 16. The sequence a,, in (3.2) satisfies the asymptotic expansion

(4.2) a, = cp"n! (1 + Z (= 1)_‘c‘j(n_j+ 1 —i—O(n_m)),

1<j<m

form =2, where (c, p) = (Gﬂif, %) and ¢ = %(—%)] for j > 1.

In particular,
2 4

T T
n=cp'n!1— O(n=?) ).
¢ Cp”( 28%n | 165888n(n —1) (n )>

The very simple form of the coefficients ¢; naturally suggests the following approximation:

7'r2
a, = cp"nle” 28n (1 + O(n’?’)) ,
which has obvious numerical advantages.

Proof. We begin with (1.7). As in [8], we define the Dirichlet series
D(s):=> n*[¢" " R(q™) =1+25° =497 42737 —2.97* 4+ 121" 4 -+,

n=1

which converges absolutely for R(s) > 1 and can be analytically continued into the whole s-
plane. Together with Mellin transform techniques (the correspondence between the singular
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expansion of a function at the origin and the residues of the Mellin transform; see [19,
Theorem 3] or [8, Lemma 2.4]), we now have the two relations (see [8])
1)
a, = =17 2) [Z"|R(e™7),
b, == [z"]e"2@*R(e™?) = YT

Then the functional equation (1.6) (derived in [8, 10]) gives

D(—n) = copgnt® (1 +0(237")), with (o, po) == (11\2@, 28),

for large n. This implies that

S

by = co(=1)"p"n! (1+0(237")), with (co,p) := (£

™

12
2 g2 )

From this, we have

(4.3) bgnj - 1;._.[.)2:_ T ro@™) (G=01...),

implying that the partial sum

e C 5 o

2 — 1243,
0<jsn
is itself an asymptotic expansion. In this way, we obtain (4.2). O

4.2. From [z"|R(e?) to [z"]R(1+ z) by a change of variables. We sketch here a different
technique to derive the asymptotic expansion (1.4) for [2"] >, ngjgk((l + z)7 — 1) from
(4.2) for a,. The original proof by Zagier in [45] and by Bringmann-Li-Rhoades in [8] relies
on the asymtotics of the Stirling numbers of the first kind. We give a direct approach via
change of variables, which has the advantages of being easily codable and widely applicable
in more general contexts; see Sections 5 and 8.

Define R(q) by (1.5). Since
Rig)=2) [[ @-1)

k>0 1<j<k

is true to infinite order at every root of unity, that is, for any n > 1, the above identity holds
for any root of unity ¢" = 1. In particular, it includes the case ¢ = 1 (see [10]). By the
change of variables 1 + z = ¥, we have,

213 TT (0 + 20 = 1) = S1"IRA + 2) = [ lg(w) (9 R(e)),

k>0 1<<k

1y " w1 n 11 Baj
== 219 = — —_— —y — 1 A 2
9(y) =5 (ey_ 1) et = Sexp( —gy+ oy — (n+1)) e’ )

Jj=z1
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for small y. Since b, (see (4.3)) grows factorially with n, and the Taylor coefficients of g(y)
are small when compared to b,,, we expand g at y = n, where 7 is small and to be determined
soon, and then carry out term by term extraction of the coefficients, yielding

9" y —nYexVR(eY)

y")g(y) (e3¥ R(e"))

320
= g(n)bn - g’(n)(bn_1 — b))+
where b, := (=1)"b, = [yn]erﬁyR(ey)_ So if we take (see (4.3))

j=all

2
n—1 —n
F = o (14+0(23™)),

then the terms involving ¢'(n) become zero, and we have

"] (5 R(e"))g(y) = g(n)bn(l i 3983 (anz _ b’zg;) L )

In general, by estimating the Taylor remainders, we deduce the expansion

1 - ()
"] (e21YR(e")) g(y) = g(n)by, (1 + ' ?’!g((g)) H;(n) + O(nml))’

0=

for m > 1, where the general terms are of order n~27] because g@ (1)) = O(n?) and

: 2 \Ji~t3 2\ J : —¢
J T bn—s T 7\ (=17 (n —0)! _
Hj(n) := - — = | = , 1 237"
=3 () ( 12n> = () I () o).
0<(<) 0<(<)
which decays in the order n=7~1271. In this way, we obtain
c; o
(4.4) Z H (Q+2)) —1)=cp n'(1+ Z n—]jJrO(n )),
k>0 1<j<k 1<g<m

2
where (¢, p) = (6*[6 2, 12) and

72 (7% + 66) 7l (mt — 1272 — 3420)
=TT 7O 0.43333 - ~ —0.05612
“ 1728 @ 5971068 :
4958 6 _ 93924167% — 270518407 1712
o _T(957" +9360m" — 232416m" — 27051840n” 4 TO9ITI200) oo

1238347284480

5. A FRAMEWORK FOR MATRICES WITH 18

We consider in this section generating functions of the form
(5.1) D dz)e I (e(zy* = 1),
k=0 1<j<k

for a € Z* and wy,w € C, where d(z) and e(z) are functions analytic at z = 0 and satisfies
d(0) > 0, e(0) = 1 and €/(0) # 0. Then we discuss applications to row-Fishburn and Fishburn
matrices with entry restrictions and some OEIS sequences.
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Our approach consists in examining first the asymptotics of the simpler pattern
EEDDN | HC Rt
k>0 1<j<k

for « € Z"T and w € C, and follows closely the detailed analysis given in Section 3 for the
sequence A158690. Then the extension to (5.1) will rely on the change of variables argument
of Section 4.2.

Proposition 17. For any o € Z" and w € C,
(52) [Z”] Z H (e(j-i-w)z _ 1)0‘ ~ Cpnnn—ﬁ-ow.)—i-%oz7
k>0 1<j<k

uniformly in w, where the notation “~” is defined in (1.3) and

.r) V6 2v/6 < 12 >w * 12
c,p)i=|— — .
P arm \ yVar ['(1 + w) \ar? " eam?
When w € Z~, the leading constant ¢ is interpreted as zero because of I'(1 + w) in the
denominator, and the right-hand side of (5.2) becomes then a big-O estimate.

Proof. We sketch the major steps for obtaining the dominant term, as the error term follows
from the same procedure with more refined calculations.

e By the Euler-Maclaurin formula (3.3) (with I(z) defined in (3.5))

- I(k 1 k2 1
Z log(e(””)z — 1) = klog(ekz — 1) — ﬁ + (w + 5) log ¢
(5.3) 1<k © :
log 27

—logI'(1 +w) + — 7 O(lwl (K~ + |2])),

(compare (3.4)) which holds uniformly as k& — oo and k|z| < 27 — ¢ in the sector
|arg z| < m —e. Here (5.3) holds when w # R™. But the asymptotic approximation,
by taking the exponential on both sides of (5.3),

H (e(j+w)z _ 1)
1<j<k
Vor (e’“ -1

I'(1+4w) z

does hold for bounded w, provided we interpret the factor

)7 (e )R 0 (L O (P (51 +121))

ﬁ as zero when w € Z~.
e The saddle-point equation satisfies asymptotically, by the same differentiation argu-
ment used for deriving (3.6),

«Q kr
5(%) + 1)<1 —ekr

Since the dominant term is independent of w, we deduce that k = gn with ¢ ~ £ and

% 1(kr) + ~1) +0(k™ +1) =n.

rn ~ af, where (i, §) := (%log 2, ’1’—;) is the same as in (3.11).
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e Observe that for large k < n

H |€(J’+w)2_1‘ :O(k%(w)) H ‘ejz—1|,

1<j<k 1<j<k

when |z| < n~! and w = O(1). Then the smallness of the sum

Z [2"] H (e(j+w)z - 1)

5 ;
\k*%ﬂ}\/ﬁang ISy<k

as well as the corresponding sum of integrals follows from

|kfgn|<\/§0ng f6n7%<|9|<7r
the same bounding techniques used in the proofs of Propositions 12 and 14.

e Inside the central range ik, <k < él@r, where ky := un + ﬁang, write, as before,
q:= é(,u + 0\%), and solve the saddle-point equation for r, giving

afir N a?&(1 + 2w) + alza? N O(\x| + |a:\3)’
\/ﬁ n3/2

where ¢; are defined in (3.17).
e We then obtain

(5.4) rn = o +

P H (€(j+w)r . 1>Oé -~ Copnnn+a(%+w),

1<j<k

(co, p) := ((\/ﬁzp\(/ir W) <alj2>w)a’ e;;) '

e The remaining saddle-point analysis is similar to that of Theorem 5.

where

O

The uniformity in w will be needed in Section 7. We now consider the framework (5.1).

Theorem 18. Assume o € Z* and wy,w € C. For any two functions d(z) and e(z) that are
analytic at z = 0, satisfying d(0) = e(0) =1 and €'(0) # 0, we have

(5.5) [2"] Z d(z)k+eo H (e(z)’™ —1)" ~ o)

k>0 1<j<k

uniformly for bounded wy and w, where d; := [27]d(z), e; := [27]e(z), and

I L )]

The situation when d(0) # 1 is readily modified. Also the error term can be further refined
if needed. The case when ¢/'(0) = 0 but ¢”(0) > 0 will be treated in Section 8 with particular
applications to self-dual Fishburn matrices.

We see that the exponential term depends on « and ey, the polynomial term on « and
w, and the leading constant ¢ on a,w,d;,e; and e;. Furthermore, as far as the dominant
asymptotics of the coefficients is concerned, the difference in (5.5) and (5.2) is reflected
exclusively via the first three terms dy, €1, €2 in the Taylor expansions of d(z) and e(z).
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Proof. By Cauchy’s integral formula

ay, = L z 7t d(z)kreo H (e(z)’™ —1)" de,

270 Jjzf=ry 1<k<® 1<j<k

where 79 > 0. Since e(z) = 1+ e12 + - -+ with e; # 0, the function is locally invertible and
we can make the change of variables e(z) = €Y, giving

= ¢ WY dw) e Ay) dy,

271 ly|=r 1Sren
where Ax(y) == [[,; (eUtelv —1)" and ¢ (y) satisfies 1(0) = 0 and e(¢)(y)) = e¥. By the
analyticity of e(z) at the origin, ¢(y) is also analytic at y = 0. In particular,
(5.7) vi=[yl(y) =L and e =["l(y) = (5 - 3).
By the analyticity of d and v at the origin, we have, for small |y],
d)* 0 = (1+diny + (ditds + da0})y + )

on the other hand, from our saddle-point analysis above, the integration path |y| = r is very
close to zero with r < n~!, and most contribution to a, comes from terms with k of linear
order, so we see that d(¢(y))* is bounded and close to e®¥** for large n. Similarly, by (5.7),

Y ()(y) " = (G + 200y + O(|y[2)) (Yay + vay® + O(lyP)) "
T T (1+O0(lyl +nlyl?)) -

Thus the same proof of Theorem 5 extends mutatis mutandis to this case, and we then obtain
the asymptotic approximation

o= T g T o)

+ O(pnnn+a(%( )+%)€—n%),
where ki = un + V2on? and r satisfies (5.4). Since ¢ = % satisfies ¢ = é(,u + O'\/iﬁ), we
then deduce (5.5) by noting that

+

vn

for some polynomials g (z) and §;(x), where (i, &) is given in (3.11). O

(&

~Rnrdipikr |~ S2agtdiig (1 . a(x)  Go(x) L _>,

6. APPLICATIONS I. UNIVARIATE ASYMPTOTICS

We group in this section various examples (mostly from the OEIS) according to the pair
(car,w). Some of them were already analyzed in the OEIS by Kotésovec, but without proofs.

6.1. A-row-Fishburn matrices and examples with (o, w) := (1,0). We derive a general
asymptotic approximation to the number of A-row-Fishburn matrices and discuss some other
examples.

26



6.1.1. A-row-Fishburn matrices. From Theorem 18, it is clear that no matter how widely we
choose the nonnegative integers as entries, the number of the resulting row-Fishburn matrices
of size n depends only on the numbers of 1s and 2s as far as the leading order asymptotics
is concerned, provided that the generating function satisfies (6.1) and is analytic at z = 0.

Corollary 19. Let A be a multiset of nonnegative integers with the generating function
(6.1) A(z):zl—l—Zz’\:l—l—/\lz—l—)\ng—l—---.
AEA

If A(2) is analytic at z =0 and N'(0) = Ay > 0, then the number of A-row-Fishburn matrices
of size n satisfies

(6.2) [2"] Z H (A(z)j _ 1) ~ Cp”nmr% with (¢, p) i= (% 6%( 5 %)7 1627;\21)

k>0 1<j<k

Proof. Apply Theorem 18 with (d(2),e(z)) := (1, A(2)). O

In particular, this corollary applies to the OEIS sequences in Table 3.

OEIS A A(z) (A, Ae) c__p
A179525 {0,1} 14z (L0) A2em 12
A289316 {0}U{2k—1:keZ+} =2 (1,0) LZeH 12
A207433 {0,1,2} R
A158691 Zo ) 2 ehr 12
A289313  {0,1,1,2,2,...} = (2,2 Z 24

Table 3. The large-n asymptotics (6.2) of some OFEIS sequences that corre-
spond to the enumeration of A-row-Fishburn matrices with different A. Here
we split the pair (¢, p) for clarity and group the sequences with the same pair
(A1, A2).

The last sequence of Table 3 can also be interpreted as the number of upper triangular
matrices with integer entries (positive and negative) whose sum of absolute entries is n, and
no row sums (in absolute entries) to zero.

6.1.2. Some OFEIS sequences. Some other OEIS examples with (o, w) := (1,0) are compiled
in Table 4, where they all satisfy the asymptotic pattern

(6.3) [2"] Zd(z)k H (e(z)) — 1) =~ cpnte

k>0 1<k

Note that the Taylor expansions of e(z) in the two cases A207386 and A207397 of Table
4 both contain negative coefficients.
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OEIS  d(z) e(z) (di,e1,e2) ¢, p)
A158690 1 e (0,1,3) (=5, 25)
AGI4 25 (-5 13) (36 25)
A207214 €& e (1,1,3) (3%, %1722)
A207386 1 {5 (0,1,0) (% e_%, )
A207397 1 5 (0,1,-1) (Shme v, )

(

0,
A207556 14z 1+z (1,1,0)

Table 4. Some OFEIS examples with (a,w) := (1,0); they all satisfy the asymp-
totic pattern (6.3) with (c,p) given in the last column. All p’s are the same
because €'(0) = e; = 1.

6.1.3. Minor variants. Consider the following sequence (A207652) whose generating func-
tion does not have the same pattern (5.1); yet this sequence has the same leading order
asymptotics as A179525 (see Table 3):

+ Z ‘7 - 1 n.on 1 2
+1 : (12 -0 12
g | | T =t with (¢, p) := (me 247?)'
k>0 1<j<k

This is because the extra product

1
(6.4) 1——1+z+0(|z\ )
1<<k —

is asymptotically unity plus a negligible error when z < n~!. Similarly, the sequence A207653
satisfies

(1= 2)2 .2
(6.5) Z H ?) o~ cp”n”Jr%, with (¢, p) := (ﬂé%eﬂ, 2,

1 — 22%-1
k>0 1<j<k

which has the same leading-order asymptotics as A158691.
Another example is A207434, which is defined by

by = n[z"]log <k§ 1<llk(u +2)7 — 1)).

This is not of our format (5.1) but the leading asymptotics can be quickly linked to that
of A179525, the number a,, of primitive row-Fishburn matrices of size n; see (1.4). By the
relation

b, = na, — Z bijan_; (n>1),

1<j<n

and the factorial growth of the coefficients in (1.4), we then deduce that

2
by ~ na, ~ cp"n"*2,  with (c,p) = (Fme 2, %),

9 671'2
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6.1.4. Recursive variants. Consider first the sequence A186737 whose generating function is
defined recursively by

6.6)  f(2)=Y_ [ (A+2f(2)) —=1) =1+ 2+32>+ 142" + 822" + 563" + - -
k>0 1<j<k

Let f,, = [¢™]f(2). Then by connecting (6.6) to row-Fishburn matrices, we find that f,
is the sum of weights on row-Fishburn matrices of size n, where each matrix is assigned a
weight equal to the product of f;_; for each entry j > 0.

This is close to the framework (5.1). While Theorem 18 does not apply, the proof there
does. More precisely, we first define f,(2) 1= > o, an2", where a, := [z"]f(z), so that

= ["] Z H ((1+ 2fu(2)) —1).

Before performing the change of variables e¥ = f,,(z) for n > 1, we need to prove that | f,,(z)|
remains bounded when |z| < n~'. We begin by the trivial bounds using the positivity of

| r " Z H L+7fu(r) —1)

1<k<n 1<j<k

< S (@ rfa(r) ()

1<k<n

< (1 7 fu(r) (7).
Here » = r,, > 0 is chosen to be the solution of the equation

w2 ENAGETIAG
(6.7) @D =1 =710 log(l+rf,(r) =r )

Now, by the monotonicity of a,, we obtain
D i<jent1 J - 177

rf"(r> 1 falr) Lt Zl<]<n+1 aj—y17

L+rfu(r) r+ O(r?)

14+ 0(r)

Thus there exists a unique saddle-point r > 0 solving the equation (6.7). Since 2/(n+1) — 0,
such r satisfies r — 0.
On the other hand, the inequality rf/ (r) > f.(r) — 1 leads to

2 ) ) | 2h) —
n+1 Ltrfo(r) = 14rfu(r)’
which in turn implies that

~mn, if r— oo;

=7+ 0(r?), if r — 0.

1 1 1
<—+-+—.
Ja(r) rn * 2 * 2n
Thus f,(r) = O(1) when r < n~!. Now, a direct bootstrapping argument based on (6.7)

gives the finer expansion


https://oeis.org/A86737

and then
2 6

Ja(r) =14 = e
Consequently,
_ n41 . (&

a, <nr (1 +rfn(r))( 2 = O(n"™p"), with p:= 5
Since | f,,(2)| < fu(|z]) = O(1) when z < n™!, the change of variables 1 + zf,(2) = ¢¥ is not
only locally invertible but also leads to the boundedness of the positive solution z = z(y)
solving 1 + zf,(2) = €/ when y = O(n™'). As a result, the local expansion of the solution
is given by

p=y— 3y Gy -yt

The remaining analysis then follows the same procedure as the proof of Theorem 18, yielding
. 7\,2
Y TT (4 2f (@)Y — D=t with (e,p) = (Ze®, 2),
k>0 1<j<k
which is consistent with the expression derived by Kotésovec on the OEIS page.
Similarly, the sequence A224885 defined as the coefficients of the generating function
FE) =142+ J[ (f(zV =1) =1+ 2+ 22" +152° + 1432* + 15522° + - --
k=2 1<j<k

satisfies
2

1 , 22
[2"]f(2) ~ cp"n" T2, with (c,p) = (7&32 o 12 )

Y 671'2

In analogy to (6.6), here f,, = [2"]f(2) is the sum of weights on row-Fishburn matrices of size
n, where the only row-Fishburn matrix of dimension one is primitive and each row-Fishburn
matrix is assigned a weight equal to the product of f; for each entry j > 0.

6.2. A-Fishburn matrices and examples with (a,w) := (2,0). We now consider the
case when (o, w) := (2,0), beginning with the asymptotics of A-Fishburn matrices.

6.2.1. A-Fishburn matrices.

Corollary 20. Let A be a multiset of nonnegative integers with the generating function A(z)
defined as in (6.1). If A(z) is analytic at z = 0 and Ay > 0, then the number of Fishburn
matrices of size n satisfies

[Z"]Z H (1 — A(z)_j) ~ cpnnn—i—l with (c,p) == (13;2/66% %*%)’ %>

k>0 1<j<k

N
—

Proof. Use (2.5) and then apply Theorem 18 with d(z) = e(z) = A(z) and a = 2. O

A few OEIS examples to which this corollary applies are collected in Table 5.

In particular, we see from Table 5 that Zagier’s result (1.1) for the asymptotics of Fishburn
numbers corresponds to A022493. Also the result for A138265 improves the crude bound
given in [33]; see also [7].
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OEIS A Az) (A1, A2 (¢, p)
A022493 Zo L (L) (2feR, 5
A138265 {0,1} 142 (L0) (2fc %, %)
A280317 {0}U{2k—1:kezt} =2 (1,0) (28 %, L)
A289312 {0} U2Z* L (2,2) (1248, 12)

Table 5. The large-n asymptotics (of the form cp"n™t) of some OEIS se-
quences that correspond to the enumeration of A-Fishburn matrices with dif-
ferent A.

Corollary 20 also implies the asymptotics of r-Fishburn numbers [22]:
[2"] Z H (1-(1=2)"7) ~cp"n" with (c,p):= (%g et ef;;),
k>0 1<j<k
and applies to the sequence studied in [13] with A(z) =1+ 2+ -+ 2™t m > 3.
6.2.2. Other OFEIS examples. We discuss three other OEIS sequences with (a,w) = (2,0).

Consider first A079144, which enumerates labelled interval orders on n points [7] with d(z) =
e(z) = €%, and we obtain
30 T (e = 3o et T (e =)
k>0 1<j<k k=0 1<k

~cp"n" ™, with (c,p) = (12‘/6 5.

w2 ) ex?

Alternatively, (1.2) provides a different proof for this asymptotic estimate and a finer expan-
sion; see [45].

Consider now A207651, the generating function of this sequence is different from A022493,
the Fishburn numbers, but they satisfy the same asymptotic relation (see (1.1))

]_ - 1 - '7 7'r2
1Y T ST et with (o) = (2, ),
k>0 1<j<k —

since the additional product is again asymptotically 1 plus a negligible error; see (6.4).
The last sequence is A035378:

I TL0-6-17) =16 -0 T (- -07)°

Theorem 18 does not apply directly but our approach does by rewriting the GF as (by
grouping the terms in pairs)

St (2 () ) IL ()

k>0

we then derive the approximation

[2"] Z H (1—(z=1)) = cp"n™, with (c,p):= (4i‘2/§ e%, 2,

k21 1<j<k
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https://oeis.org/A138265
https://oeis.org/A289317
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consistent with that provided on the OEIS webpage of A035378 by Kotésovec; see also [45,
Sec. 5].

6.3. Examples with w # 0. We gather some examples in the following table, where we use

the form
= [2"]> di(2) ] (ej(2) — 1),

k>0 1<j<k

with (di(2),e;j(z)) given in the second column.

OEIS (dk(Z’), ej(z)) A, >~ (C, P

A215066  (1,e09) et (20,2
A209832 (elktD)z e(i=Dz)  cpnpn (2 21
A2UGST (20 0) g (80
A7T369 (L4257 e (e, 2

1
A207570  (1,(1+2)972)  eprnn i (G, 25
A207571  (1,(1+2)%71)  cprnnts < 192/8 _ -2 ﬁ)

In general,

k>0 1<j<k

for 0 < s < p (not necessarily integers), where

. NZ3 <7T2>;_1 _=2 12
(€0) = (F(1_§) 2/ © )

A minor variant of A207569 with the same asymptotic approximation is the sequence
A207654:

1 2] 1 1 .
Z H —;Z 51— cp"n”,  with (c¢,p) = (%56757 62%2);
k>0 1<j<k <

see also (6.5).
The last example is A207557: [2"|f(z) with

f2) =Y (1+2) 0 I (@+2)% " -1),
k=0 1<k
which can be transformed, by the Rogers-Fine identity (see [15]) into
F) =143+ 22 I (1 +2)% 1)
k>1 1<j<k
We can then apply Theorem 18, and obtain

() = Y@ 22 I (2P 1)

k>1 1<i<k

7‘,2
~ cop" T (n 4+ 1) ~ cpepp™n™ T, with  (co, p) = (%66_% ﬁ)

Y €7T2
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2

24\/66_757, consistent with the expression derived by Kotésovec in the OEIS; see

w3

Thus coep =
[37, A207557].

7. APPLICATIONS II. BIVARIATE ASYMPTOTICS (ASYMPTOTIC DISTRIBUTIONS)

We derive in this section the various limit laws arising from the sizes of the first row and
the diagonal, as well as the number of 1s in random Fishburn and row-Fishburn matrices,
assuming that all matrices of the same size are equally likely to be selected. We begin with
row-Fishburn matrices because they are technically simpler.

7.1. Statistics on A-row-Fishburn matrices. By Proposition 1, the number of A-row-
Fishburn matrices of size n is given by (see (2.4))

an = [2"] Z H (A(z) — 1),

k>0 1<j<k

where A(z) is the generating function of the multiset A; see (2.3). The asymptotics of a,, is
already examined in Corollary 19.

Recall that the probability generating function of a Poisson distribution with mean 7 > 0
is given by e7*~Y while that of a zero-truncated Poisson (ZTP) distribution with parameter
T by

e™ —1
em—1
whose mean and variance equal
TeT TeT(e" —1—7)
and R
e —1 (eT —1)

respectively. When 7 := log2, these become 2log2 and 2(log2)(1 — log2), respectively.

Also A47(0,1) denotes the standard normal distribution. The notation X, % X means
convergence in distribution.

7.1.1. Limit theorems.

Theorem 21 (Statistics on A-row-Fishburn matrices). Assume that A(z) is analytic at z =0
with Ay > 0. Then in a random matriz (under the uniform distribution assumption on the
set of A-row-Fishburn matrices of the size n),

(1) the size X, of the first row is distributed asymptotically as zero-truncated Poisson with
parameter log 2:

X, % ZTP(log 2),

(i1) the size Y, of the diagonal (or the last column) is asymptotically normally distributed
with mean and variance both asymptotic to logn,

Y, —logn 4
7.1 — — 40,1 d
( ) \/@ ( ? )7 an
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(111) for the number Z, of 1s, if Ay > 0, then

n— 2, 2

)\271'
12227

£>Poisson(7') with T :=

(7.2)

and P(Z, =n) = 1 if \a = 0.

For the diagonal size, we can also express the asymptotic distribution as Y,, ~ Poisson(logn),
which implies (7.1). Finer approximations are given in (7.4) and (7.5).

Proof. (i) For the first row size X,,, we begin with the generating function (see (2.7))

fx(z0) =Y (A2 —1) T] (Az) —1).

k>0 1<k
By applying (5.5) to (d(z),e(2)) := (A(vz),A(2)) and to (d(z),e(2)) := (1,A(2)), we
deduce that
E(v¥") = —[z"]f;((z,v) ~ 2" —1,

holding uniformly for bounded v = O(1). This asymptotic estimate holds a priori
pointwise for each finite v # 0, but the same proof gives indeed the uniformity of the
error term in v when v = O(1) and v stays away from zero. To include v = 0, we
observe that E(UX“) is a polynomial without constant term (or equal to zero when
v = 0) when n > 1; since the right-hand side also equals zero when v = 0, we conclude
by analyticity the uniform bound in the region v = O(1). This implies the convergence
in distribution to the zero-truncated Poisson (ZTP) law with parameter log 2.
(ii) Consider now the generating polynomial for the diagonal size Y,

vz 0) = 1) T (M)A = 1),
k>1 1<j<k
The generating function is not of the form (5.1), but observe that
A@w2) = M) (1+ O(1=%),

when |z| is small. Then, when k¥ < n and |z| < n™! (taking logarithm and estimating
the sum of errors), we have

(7.3) [T A@2)AEy " 1) = ( IT Ay - 1)> (1+O(|z|logk)),
1<k 1<j<k
and we are in a position to apply Theorem 18, giving
(2" fy (2,0) = c(v)p"n" 2 (1+O(n "logn)),

where

(c(v), p) =

<'vﬁ:<12kl>”6§§(§%—%) 12A1>7

F(v) \ 72 " en?
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uniformly for bounded v = O(1); note that [2"]fy(z,v) is again a polynomial without
constant term, so the estimate also holds when v = 0 because ¢(v) — 0 as v — 0.
Accordingly, the probability generating function of Y,, satisfies

E(v"") = [Zn]J;iZ’U) = r(lv) (12> e=Dlen (1 4 O(n""logn)),

uniformly for bounded v = O(1). This is of the form of Quasi-Powers (see [20, 27]),
and we then deduce the asymptotic normality of Y,, with optimal convergence rate:

(7.4) ilelg P(% < x) — ®(z)| = O((log n)*%),

together with the asymptotic approximations to the mean and the variance:
E(Y,) = logn—l—”y—l—log 2 +0(n"logn),
V(Y,) =logn+~vy— % + log 12 + O(n""(logn)?),

where « denotes the Euler-Mascheroni constant and ®(z) denotes the distribution func-
tion of the standard normal distribution. For other types of Poisson approximation,
see [29].

(iii) Applying the same proof of Theorem 18 to the generating function (2.9) for the number
of 1s gives

1Y TT ((AG) + Ml — 1)) — 1) = e(v)o”p"n"™ 3,

k>1 1<j<k

= Ap 1
uniformly for bounded v, where (¢(v), p) := (% e’ (W 2), 13,’:%”). This implies that
if Ay > 0, then

(7.6) E(v%(”_z”)) ~ ™Y with 7= ——

and we then obtain the limit Poisson distribution with parameter 7. If Ay = 0, then
E(v"’Z”) tends to 1, a Dirac distribution. Furthermore, by the uniformity of (7.6) and
Cauchy’s integral representation, we obtain (7.2); see [27].

Similarly, for the number 712 of 2s, we use the generating function

ST ((A) + Aa(v = 1)22) — 1),

k>1 1<j<k

and deduce that ]E(’UZ’[?]) ~ "=V with the same 7 as in (7.2).
U

Stronger results such as local limit theorems can also be derived; see [27] for more infor-
mation.
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7.1.2. Applications. Consider first the case of primitive row-Fishburn matrices with A =
{0,1}. Then by Theorem 21, we see that in a random primitive Fishburn matrix the first
row size is asymptotically ZTP(log2) distributed, the diagonal is asymptotically normal,
while the number of 1 is obviously the same as the size of the matrix. In particular, the
distribution of the diagonal size corresponds to sequence A182319.

On the other hand, when A(z) := i, we have very similar behaviors for the sizes of the

first row and the diagonal, but the number Z, of 1s is asymptotically Poisson:

P(n—Z,=2k) = T e, with 7="1 fork=0,1,....

0.5
0.6 0.3

0.5
0.4 0.2
0.3
0.2 0.1
0.1

0.4

0.3

0.2

0.1

Figure 7.1. The histograms of X,,, Y, and Z, in the case of row-Fishburn
matrices (M(z) = 1) forn =6,...,50 (see Theorem 21): P(X, = k) (left),
P(Y, = [tu,]) (middle), and P(n—Z,, = 2k) (right), where u,, = E(Y,,). Their
convergence to ZTP, normal and Poisson s visible in each case, as well as the
corresponding convergence rate.

7.2. Statistics on Fishburn matrices. We consider random A-Fishburn matrices in this
subsection. By Proposition 1, the number of A-Fishburn matrices of size n is given by (see

(2.5))
o= 130 TT (1= A7),

k>0 1<j<k

and an asymptotic approximation is already derived in Corollary 20.

7.2.1. Limit theorems.

Theorem 22. Assume that A(z) is analytic at z = 0 with Ay > 0 and that all A-Fishburn
matrices of size n are equally likely to be selected. Then in a random matriz, the size X,, of
the first row (or the last column) and the diagonal size Y, are both asymptotically normally
distributed with logarithmic mean and variance in the following sense

X, —logn 4 Y, —2logn 4

: —_— 1 d —— 1
(77) \/m _></V(07 )7 an \/m _>‘/V(07 )7

and if Ay > 0, then the number Z, of 1s is asymptotically Poisson distributed

n— 2, 2

(7.8) < Poisson(r) with 7= "2

otherwise, Ao = 0 implies that P(Z, =n) — 1.
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Proof. (i) We begin with the generating function (see (2.11)) for the first row size

fx(z,0) = Awz2) > A" ] (M)A = 1) (A(z) —1)).

k>0 1<j<k

By (7.3) and the expansion A(vz) = 1+ O(|z]) for small |z|, we have

Fx(z,0) = (ZAW IT (A =1)(ACz) - 1)))(1+O(|z|logn)),

k>0 1<j<k
when |z| < n~!.
Similar to Theorem 18, we first derive, by the same methods used in the proof of
Proposition 17, that

(7.9) 2y e I (997 = 1) (e — 1) = colw)pmn

k>0 1<j<k

where
(26 6N\ 6
@)= (o (%) )
Briefly, v is almost 2 in the proof of Proposition 17, and the largest terms occur when
k ~ pn and n|z| ~ & with (i, &) as in (3.11), so that e** contributes an extra factor 2.
We now make the change of variables A(z) = e¥, and follow the same proof procedure
of Theorem 18, yielding

[2"] ZA(Z’)k H (AT =1)(A(z) = 1)) = c(v)p"n™*,

k>0 1<j<k

T2

where
26 1 6\v = (2-1) 6\
(C(’U),p) = \/_<_) 612()\2 2)7_1 .
[(v) \ 72 em?
We then deduce that
1 /6\v1
Xn) v—1 —1
E(v ) ) <§> n (1 + O(n logn)),
uniformly for v = O(1), and the asymptotic normality of X,, then follows again from the
Quasi-Powers theorem [20, 27] or a standard characteristic function argument. Finer

results such as (7.4) and (7.5) can also be derived.
(ii) For the size of the diagonal Y,,, we now have the generating function (see (2.12))

fr(z,0) = Aw2) Y AGRF TT (Aw2)Azy " —1)%

k>0 1<j<k

By (7.3), the same arguments used in (i) for X,, and Theorem 18, we deduce that
27y (2, 0) = ()1 (1 + O (n log ),

where i
(0@07P):::(f%%§;<£i>20_leqz(*g_;>,g%%).

T2
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It follows that

1 6 \ 2(v—-1)
E() = lzs) (00 logn)),

uniformly for v = O(1). The asymptotic normality then follows from Quasi-Powers
Theorem.

(iii) Since A; > 0, we can apply Theorem 18 to the generating function (2.13) for the number
Z, of 1s, which is

fz(z,v) = Z(A(z) + (v —1)2)F! H (A(z) + Mi(v—1)z) — 1)2,

k>0 1<j<k
and we deduce that E(U%(”_Z")) ~ "D where 7 := %, which leads to a degenerate
1
limit law when Ay = 0 and a Poisson limit law otherwise. The number of 2s follows the

same law.

O

The most widely studied parameter is the size X, of the first row of uniformly random
Fishburn matrices, i.e., the case A(z) = (1 — z)~!. It appeared in Stoimenow’s study [41]
on chord diagrams, and later examined by Zagier in [45]. Then the limiting distribution of
X,, was raised as an open question in [8, 31]. The generating function fx(z,v) for the first
row size has been derived in several papers; see, for example, [4, 6, 21, 31, 44], A175579 and
Section 2 for several other quantities with the same distribution as X,,. See also Table 6 and

Figure 7.2 for the distribution of small n and graphical renderings.

n\k| 1 2 3 4 5 6 7 n\k|1 2 3 4 ) 6 7
1 1 1 1

2 1 1 2 10 2

3 2 2 1 3 /0 1 4

4 5 6 3 1 4 10 2 5 8

5 15 21 12 4 1 5 |0 5 14 18 16

6 |53 8 54 20 5 1 6 |0 15 47 67 56 32

7 217 380 270 110 30 6 1 7 |0 53 183 287 267 160 64

Table 6. The number of Fishburn matrices of size n with first row size equal
to k (left) and the diagonal size to k (right) forn =1,...,7. The table on the
left corresponds to A175579.

The mean and the variance of X,, satisfy

E(Xn) =logn + v — log %2 + O(n_l log n)7
V(X,) =logn+v— = —log = + O(n"*(logn)?).

8. A FRAMEWORK FOR MATRICES WITHOUT 1S AND SELF-DUAL MATRICES

We discuss in this section the extension to the situation when e¢; = 0 and e; > 0 of the
general framework (5.1). The general asymptotic expressions (5.5) and (5.6) certainly fail in
such a case as the leading constant involves e; in the denominator.
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0.4

0.2

0

0 1 2 3 %005 1 15 2 2s %005 1 15 2 2s
Figure 7.2. The histograms of X, and Y, (Fishburn matrices) for n =

6,...,100 (see Theorem 22): o,(X)P(X, = [tu.(X)]) (first), P(X,, =

[n(X)]) (second), ou(V)P(Ya = [tpa(Y)]) (third), P(Ya = [taa(Y)])

(fourth), where i, (W) and o2(W) denote the corresponding mean and vari-

ance of W,,, respectively.

In addition to providing a better understanding of Fishburn matrices in more general sit-
uations, our consideration of (5.1) with e; = 0 and ey > 0 was also motivated by asymptotic
enumeration of the self-dual Fishburn matrices, a conjecture raised by Jelinek (Conjecture
5.4 of [31]). In particular, the asymptotic approximations of non-primitive and primitive
self-dual Fishburn matrices (given in (8.5) and (8.4)) will follow readily from our general
result Theorem 23 or Corollary 26. Furthermore, as in Sections 6 and 7, our framework will
be equally useful in characterizing the asymptotic distributions of a few statistics in random
self-dual Fishburn matrices, which we briefly explore in this section.

While most proofs in this section follow similar ideas to the ones we employed in Section 3—
7, the technical details in these proofs are more involved with generally lengthier expressions.
Thus we will indicate the major differences.

8.1. Asymptotics of (5.1) with e; =0 and e; > 0.

Theorem 23. Assume a € Z*™ andwo,w € C. Given any two functions e(2) :== 143, ez
and d(z) :==1+3 ", d;z? that are analytic at z = 0, satisfying e; = 0, es > 0, and

(8.1) aesm® + 12d,exlog 2 > 0,
we have
(8.2) =3 d(z) e T (e(2)* = 1) = ce®Vmpannz(maltew(1 4 O (n77)),
k>0 1<j<k
. . . /6dylog?2 Vaesm .__ be
the O-term holding uniformly for bounded wy and w, where 3 := \/elT(M + NI pi= 2%
and
2 . 2 272, 2
(o )y e i )t
V2ar \I'(14+w) \ ar \anr?

Note specially the change of the dominant exponential part p%”n%(“a)*o‘“ in (8.2), as well
as the presence of the extra factor e’v™ when compared to (1.1) and (1.4). On the other
hand, § > 0 is equivalent to the condition (8.1). When 5 = 0 (and ey > 0), asymptotic
periodicities emerge (depending on the parity of n), which complicate the corresponding
expressions. Instead of formulating a general heavy result, we will content ourselves with
the study of Fishburn matrices with A\g;_; = 0 for 1 < ¢ < m, but Ag, Aoji1 > 0in Section 8.4.
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The proof of Theorem 23 is similar to that of Theorem 5 and Theorem 18, beginning
first with the corresponding exponential version and following by the change of variables
e(z) = e (locally invertible).

Proposition 24. For large n, o € Z*, and w € C,
(8.3) Z kz H (J+w 22 ) _ Ceﬁ\/ﬁp%nn%(n—ka)—i—aw(l + O(n_%)),
k>0 1<j<k

fff 2 and

w\ % 1 o
(Ca p) = <\/>\2/§c7r<1“(1i-w) % (%) > € 40¢+2a7r (log 2)* 7e7r62a>'

Proof. (Sketch) Similar to the proof of Proposition 17; note that A(2%) =[], (ejz2 -1)
has the same order of magnitude as A, (r?) when z = re? with 6 ~ 7, but due to the presence
of €#*, the corresponding Cauchy integral remains asymptotically negligible. ([l

the O-term holding uniformly for bounded w, where [ :=

Note that the proof of Theorem 23 can be extended to the situation when m (m > 2) is
the smallest nonzero entry, that is, A\; =0 for 1 < j <m and A\,, >0, m > 2.

8.2. Self-dual A-Fishburn matrices with \; > 0. We now consider general self-dual

A-Fishburn matrices with A\; > 0.

Lemma 25. The generating function for self-dual A-Fishburn matrices is given by (z mark-

ing the matriz size)
2:/\(2)]€+1 H (A(zQ)j - 1).

k>0 1<5<k
This lemma is a direct consequence of the case A = Z given in [31].

Corollary 26. Assume that A(z) is analytic at z = 0 and Ny > 0. Then the number of
self-dual A-Fishburn matrices of size n satisfies

[2"] ZA(Z)k—H H (A(z2Y —1) = Ceﬂ\/ﬁp%”n%(n—&-l)(l i O(n‘%)),

k>0 1<j<k

2
Ay Ap A _ w2 7w
(3_\/5273—716 1 4+m2+ "+ (log2)? 6,\1>_

Y e7r2

\/W

where 3 := log2, and (c, p) ==

Proof. Condition (8.1) holds because d; > 0 and e3 = 0. Apply Theorem 23 with wy = a = 1,
w:0,d1:egz)\1,d2:e4:)\2. O

This implies that if Ay is fixed, then no matter how many copies of other positive integers

are used as entries, the resulting asymptotic count of self-dual matrices of large size differs
only in the leading constant, provided that A(z) is analytic at the origin.
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Corollary 27. (Conjecture 5.4 of [31]) The number of primitive self-dual and self-dual
Fishburn matrices of size n are asymptotically given by

. 7(2
B4 10+ ] (2P 1) = Se eVl (14 0(n ),
k=0 1<G<k
69 BT I (@7 1) = Tt (1 o),
k>0 1<j<k
71_2
where = @ and (c, p) = (me et (es2)? $>

Remark 2. The constant ¢ ~ 1.361951039 (see Figure 8.1) is given in an approximate
numerical form in [31]. By comparing these estimates with (1.1), we see that the proportion
of self-dual Fishburn matrices is asymptotically negligible (indeed factorially small).

LHS of (8.5) 102 LHS of (8.4) 1— 15
e@\/ﬁp%nn%(n+l) \/ﬁ eﬁ\/ﬁp%nn%(n+1) \/’ﬁ

1.36 0.304

1.34

1.32 0-28)

1.30 0.26

1.28

1.26 0.24,

1.24

1.22 0.221

120l 0 ol
20 40 60 80 100 120 140 160 20 40 60 80 100 120 140 160

2

2 1, 3 2 - i3 2
71'36/2 e24 113,27 (1082) ~ 1.362 763%6 21 at g,z (e ~ 0.299

LHS of (8.5)
BV p3 T 3 (D)

(with proper corrections for the O-terms) to their respective

Figure 8.1. Numerical convergence of the two ratios and

LHS of (8.4)
BV p3 3 (n+1)
limit c.

We now examine the three statistics (first row-size, diagonal sum, and the number of
1s) on random self-dual A-Fishburn matrices, beginning with the corresponding bivariate
generating functions. For convenience, we include the empty matrix with size 0.

Proposition 28 (Statistics on self-dual A-Fishburn matrices). For self-dual A-Fishburn
matrices, we have the following bivariate generating functions with z marking the matrix
size and v marking respectively

(i) the size of the first row

(8.6) Awz) D AR T (A(v)A(=2) ™ - 1),

k>0 1<j<k

(i1) the size of the diagonal

(8.7) A(vz)z:/\(z)]c H (A(U2z2)A(22)j —-1), and

k=0 0y <k
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(111) the number of 1s
(8.8) S TAE) + M =12 TT (A + M = 1)22) —1).

k>0 1<j<k
This is in analogy to Proposition 4, using the same ideas in [31] for counting self-dual
matrices.

Theorem 29 (Statistics on self-dual A-Fishburn matrices). Assume that A(z) is analytic at
z =0 with \y > 0. Then in a random matriz (under the uniform distribution assumption on
self-dual A-Fishburn matrices of the size n), the size X,, of the first row (or the last column)
and the half of the diagonal size %Yn both satisfy a central limit theorem with logarithmic
mean and variance:

X, —logn 4 1y, —logn 4
—— = A4(0,1), d 2"—2— 5 4(0,1),
Viogn (0.1), an Vviogn (0.1)
and for the number Z, of 1s, if Ay > 0, then n — Z,, tends to the convolution of two Poisson
distributions:

n— 2, LN 2Poisson(§—f log 2) * 4Poisson(i‘§§f),
while if Ay = 0, then P(Z,, =n) — 1.

Proof. (Sketch) The proofs for the random variables X,, and % rely on Theorem 23, in
parallel of Theorem 22. For the number of 1s, Theorem 23 does not apply to (8.8) because
e = \v? is a complex number in general and e, > 0 may not hold. However, the proof
there does apply by considering e(z/,/ez), similar to Theorem 18. The result is the same as
if we apply formally Theorem 18 with wy = a = 1, w = 0, di = \v, dy = A9, €3 = \v?,
es =0, eg = Ay, yielding
A ﬁ i1
E(v"%) = 932 (@*=1) 1037 ( )(1 +0(n 1)),

where the first term on the right-hand side is the probability generating function of two
Poisson distributions if Ay > 0. The right-side becomes 1 when Ay = 0. 0

8.3. Asymptotics of A-Fishburn matrices whose smallest nonzero entry is 2. We
consider Fishburn matrices whose smallest nonzero entry is 2. We assume that there is at
least one odd number in A, namely,

(89) ANog—1 = O, for1<k<m and )\2, )\2m+1 > O,

for m > 1. Otherwise, if A contains only even numbers, then, by dividing all entries by 2,
the corresponding asymptotics and distributional properties can be dealt with by the same
framework of Section 5. It turns out that m = 1 (that is, A\; = 0 but Ay, A3 > 0) and m > 2
have different asymptotic behaviors, and in the latter case the dependence on the parity of
n is more pronounced, one technical reason being that the condition (8.1) fails when m > 2,
and the odd case needs special treatment.

Lemma 30. Given a formal power series B(z) = 3, bp2™ with b, =~ copfn™*, po # 0, we

have, for even n,
28

(227" B(2) ~ cpz™nz™, with (c,p) = (co2 e, $pp).
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Proof. Expand e™* at z = ep%, the asymptotic saddle-point of 2"2"B (z), and estimate the
error as in Section 4.2. [

Theorem 31 (A-Fishburn matrices with 2 as the smallest entries). Assume that A is a
multiset of nonnegative integers satisfying (8.9) with A(0) = 1 and A(2) analytic at z = 0.
If m =1, then the number of A-Fishburn matrices of size n satisfies

2y T (1= AG)7) = ce®pamnam ! (14 O(n2)),

k>0 1<j<k

where = ;280 and (c,p) i= (2 e o) 55) and ifm > 2, then

2
2 (L4 1723
X2

, PV panpzntl (1+ O(n_%)) if n is even
n o AR ) )
(810) [ ]Z H (1= AG)7) {cmeﬁ\/ﬁpinné"—m@ (1+ O(n_%)), if n is odd,

k>0 1<j<k

Li’

_6f '2<

;) ﬁ(g_;)
2 . \/2g2m—3 . Aomga e 6 \22 2

where p and 5 remain the same, ¢ = , and ¢y 1= Y5 NGk 3
2

Proof. (Sketch) When m = 1, apply Theorem 23 to the right-hand side of (2.5). When
m = 2, following the proof of Theorem 23, we begin with the change of variables A(z) = e¥’
and then apply Theorem 18 and Lemma 30 to prove (8.10). In particular, when m > 2, by
splitting A(z) into odd and even parts, using Lagrange’s inversion formula in the form

¥z = %[t’”](bgj\(w)k (k=1,2,...),

we deduce (8.10) when n is even; the expression of ¢, then follows from that in the even
case. See Theorem 33 of the first version of this paper on arXiv for details. O

In particular, the number of Fishburn matrices without occurrence of 1 as entries (A =
Z>o \ {1}) satisfies

Z H (1_ (1_1;_522>j) :Ceﬁﬁp%nn%nﬂ(leO(n*%))’

k>0 1<j<k

where § = ﬁ? and (c,p) = (i % %), which marks a significant difference with
that containing 1 as entries, as given in (1.1). Similar behaviors are also exhibited in the
asymptotics of row-Fishburn matrices without entry 1.

On the other hand, asymptotics of A-row-Fishburn matrices can be similarly treated, and

exhibits a very similar behavior.

8.4. Statistics on A-Fishburn matrices whose smallest nonzero entry is 2. Based on
the generating functions of Proposition 4, we now consider the behavior of a general random
A-Fishburn matrix in which 2 is the smallest nonzero entry.

Theorem 32. Assume that A is analytic at the origin and satisfies (8.9). Then in a random
matriz (under the uniform distribution on the set of all A-Fishburn matrices of size n), the
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size X,, of the first row (or the last column) and the diagonal size Y, are both asymptotically
normally distributed in the following sense:

X, —logn 4 Y, —2logn KN
———— = A4(0,1 d ——
Viogn O e e

while the limiting distribution of the number Z, of occurrences of 2 depends on m: if m =1,
then

4 4(0,1),

T\/ﬁ

(8.11) = A(0,1), (7:= N*gfg/Q),

and if m > 2, then

n— Zn), if n is even,
(n—2m—1)—2%,), ifnis odd.

1
z" 4 P01sson(’\6/\2) with 7% = {2(
Proof. When m = 1, the proof relies on Theorem 23, following the same ideas used in the
proof of Theorem 22, and when m > 2, the proof is similar to that of Theorem 31.

(i) Assume m = 1. For the first row sum, we have, by the generating function (2.11), the
approximation (7.3) and a modification of the proof of Theorem 23,

Aw) 3 AC) T (M)A = (AR = 1)) = c)pind"* (1 +0(n7)),
k=0 1<G<k

where (c(v), p) == (#ﬁ(i)yeT R 1) &> Thus

1 3 \v-1 1
(8.12) E(v*") = Tv)<ﬁ> n (14 0(n2)),

uniformly for v = O(1). Then the asymptotic normality (or Poisson(logn)) follows
from the Quasi-Powers theorem. When m > 2, by the same procedure as in the proof
of Theorem 31, we then deduce the same asymptotic approximation (8.12) when n is
even. When n is odd, the corresponding asymptotic approximation differs by a factor
of n=™ as in Theorem 31 but the resulting normalizing expression is still (8.12).

(ii) Very similarly, for the diagonal size, by applying Theorem 23 to the generating function
(2.12), we deduce that

B0 = ()"0 o),

uniformly for v = O(1). The same expression remains true when m > 2 and the proof
proceeds along the lines of that of Theorem 31.

(iii) Regarding the number of 2s, it is more involved. Consider first m = 1. Parallel to
(2.13) for the number of 1s, we now have the generating function

ST (1= (AR) +xlv —1)2%)7)

(8.13) PO k+1 ’ 2
_Z —|-/\2’U—1) ) H ((A(Z)+/\2(U—1>z2)j_1) .
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Then if A3 > 0, we get, by a similar modification of the proof of Theorem 23 (see
Theorem 29), the Quasi-Powers approximation,

]E(v%”’Z”) = c(v)e“/ﬁ(”%*l)(l + O(n’%)),

203 g2 o
(v3—1)+ 6)\% (v*—1)

where 7 is given in (8.11) and ¢(v) := e . The asymptotic normality
then results from the Quasi-Powers theorem; see [20, 28]. Indeed, Z* is asymptotically
Poisson distributed with parameter 71/n.

When m > 2, we obtain, by (8.13), the change of variables A(z) + (\y — 1)v22 = e¥”,
and modifying the proof of (8.10) (see also the proof of Theorem 29),

2
M7 (2 1) L
e 52 , if n is even;
1 A4§f 2
,Um+§€ 6>\2

E (U%R_Z") ~

' it is odd.

This proves the Poisson limit law.

Az)=1422+42° Az)=1422 42t +2°
m/n m/n . 2
W(m, m) POISSOH(F)

Figure 8.2. Theorem 32: histograms of the number of 2s in two differ-
ent compositions of random A-Fishburn matrices. Left: the distributions

P(%(g — Zn) = Lxunj) with p, denoting the exact mean, which is asymp-

totic to %; right: ]P)(Z;; = k;), where Z = %(% — Zn) when n is even, and

0 = %(% -2 Zn) when n is odd, where the red line represents the corre-
sponding Poisson distribution.

For random A-row-Fishburn matrices, one can derive very similar types of results: zero-
truncated Poisson with parameter ’A\—;log2 for the first row size, .4 (logn,logn) for the

Ag7r2
12)2

. . . A .
diagonal size, and ,/V(T n,T\/ﬁ) with 7 := 2\/5’/\7%/2 or Poisson(

or m = 2, respectively, for the number of 2s.

) limit law when m =1

9. CONCLUSIONS

Motivated by the asymptotic enumeration of and statistics on Fishburn matrices and their
variants, we developed in this paper a saddle-point approach to compute the asymptotics of
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the coefficients of generating functions with a sum-of-product form, and applied it to several
dozens of examples. The approach is not only useful for the usual large-n asymptotics but
also effective in understanding the stochastic behaviors of random Fishburn matrices, with
or without further constraints on the entries or on the structure of the matrices. In particu-
lar, we identified a simple yet general framework and showed its versatile usefulness in this
paper. Many new asymptotic distributions of statistics on random matrices are derived in a
systematic and unified manner, which in turn demand further structural interpretations; for
example, since the normal approximations we derived in this paper can indeed all be approx-
imated by Poisson distributions with parameters depending on n (equal to the asymptotic
mean), a natural question is why Poisson laws with bounded or unbounded parameters are
ubiquitous in the random A-Fishburn matrices.

Other frameworks will be examined in a follow-up paper. In addition to different sum-
of-product patterns, we will also work out cases for which our approach in this paper
does not directly apply. For example, we have not found transformations for the series
[2"] 2 k=0 [ [1<j<r tanh(252), a special case of general theorems in [5], such that our saddle-
point method works, although it is known (see [5]) that

. A2n+1 A2n+41 n
Z H tanh(2jz) = Z n‘+ 2", and Z(?n——:l)'ZQ 1 — tan(z),

k>0 1<j<k n=0 n=0

where the as,,1’s are the tangent numbers. For similar pairs of series of this type, see
[5, 26, 39].

Finally, the rank (or dimension) represents another important statistic on random matri-
ces. In our recent paper [30], we proved that the dimension of a random A-Fishburn matrices
follows a central limit theorem with linear mean and variance. Furthermore, the correspond-
ing dual problem of size distribution under large dimension is also addressed and follows a
quadratic type normal limit law. These answer two open problems in [8, 31] respectively.
Interestingly, the saddle-point approach combined with a powerful transformation formula
for g-series due to Andrews and Jelinek, is also useful in solving a conjecture of Stoimenow
on Vassiliev invariants (see [30]).
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